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In this paper we propose a new inflation model named (p,q) inflation model in which the inflaton
potential contains both positive and negative powers of inflaton field in the polynomial form. We
will show that such a simple model can easily generate a large amplitude of tensor perturbation and
a negative running of spectral index with large absolute value.
PACS numbers:
I. INTRODUCTION
Inflation [1] was proposed to solve the several puzzles, e.g. horizon problem, flatness problem and so on, in the hot
big bang model. The simplest version is the so-called canonical single-field slow-roll inflation model [2, 3] in which the
inflaton field slowly rolls down its potential. On the other hand, the quantum fluctuations during inflation can provide
tiny primordial density perturbations which seed the anisotropies in the cosmic microwave background (CMB) and
the large-scale structure of our universe. Since the Hubble parameter during inflation is roughly a constant, both the
spectra of scalar and tensor perturbations are nearly scale-invariant. Usually the small scale dependence of scalar
power spectrum is measured by the spectral index ns and then the amplitude of scalar power spectrum can be
parametrized by
Ps = As
(
k
kp
)ns−1
, (1)
where kp is the pivot scale and As is the amplitude at k = kp. The size of tensor perturbation is characterized by the
tensor-to-scalar ratio r which is defined by r ≡ Pt/Ps, where Pt is the amplitude of tensor power spectrum.
Combining with WMAP Polarization data [4], the Planck data [5, 6] released in the early of 2013 imply ns =
0.9603± 0.0073 at the scale k = 0.05 Mpc−1. Recently BICEP2 [7] found an excess of B-mode power over the base
lensed-ΛCDM expectation in the range ℓ ∈ [30, 150]. Cross correlating BICEP2 against 100 GHz maps from the
BICEP1 experiment, the microwave mission by the polarized dust is disfavored at 1.7σ. The observed B-mode power
spectrum is well fitted by a lensed-ΛCDM+tensor model with
r = 0.20+0.07
−0.05. (2)
Since the contaminant on the B-mode spectrum from the polarized dust gives a similar behavior in the multipoles
around ℓ ∼ 80 [8, 9], it is still difficult to distinguish the signal of primordial gravitational waves from the dust. If
the signal from BICEP2 is confirmed to be originated from the primordial gravitational waves by the upcoming data
sets, it must be a breakthrough for the basic science. Because the primordial gravitational waves can also make a
contribution to CTTℓ on the low multipoles, it suppresses the contribution to C
TT
ℓ from scalar perturbation and hence
ns > 1 for the scalar power spectrum is preferred on the large scales [10]. In order to reconcile the different values of
spectral index at different scales, the spectral index should be scale dependent:
ns = 1.0447
+0.0295
−0.0297, (3)
dns(k)
d ln k
= −0.0253± 0.0093, (4)
at k = 0.002 Mpc−1 in [11], where αs ≡ dns/d lnk is the running of spectral index. From the above results, we can
estimate the spectral index at k = 0.05 Mpc−1, namely ns(k = 0.05 Mpc
−1) ≃ 1.0447 − 0.0253× ln(0.05/0.002) =
0.9633 which is consistent with the result from Planck at k = 0.05 Mpc−1 [5, 6]. See more discussion about the
constraint on the running of spectral index in [7, 12].
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2Usually the canonical single-field slow-roll inflation model predicts |αs| <∼ O((ns−1)2) ∼ 10−3 which is much smaller
than that in Eq. (4). In the literatures, there two possible ways to achieve a negative running of spectral index with
large absolute value: one is the space-time noncommutative inflation [13–15], the other is inflation with modulations
[16–18]. In this letter we will propose a new inflation model, called (p,q) inflation, which can also easily achieve a
large negative running of spectral index. This letter will be organized as follows. The introduction and qualitative
discussion on (p,q) inflation model will be given in Sec. 2. The numerical predictions of (2,1) inflation model show
up in Sec. 3. Discussion is included in Sec. 4. The more accurate formula for the runnings of spectral indexes of both
scalar and tensor perturbations are given in the Appendix A.
II. THE (p, q) INFLATION MODEL
From the dynamics of inflaton field during inflation, one can easily find that the evolution of inflaton field is related
to the tensor-to-scalar ratio by
|∆φ| ≃ 1√
8
∫ N
0
√
rdN ′, (5)
where N is the number of e-folds before the end of inflation. In this letter we work in the unit of 8πG = 1. The above
relation is called the Lyth bound [19]. If the signal from BICEP2 stands after further cosmological observations and
turns out to be primordial, the Lyth bound implies that a large field inflation model should be called for.
It is well-known that the inflation model with potential V (φ) ∝ φn is a typical large field inflation model, where n
can be positive [20] or negative [21]. Generically the potential can take the form
V (φ) = · · ·+ c−1 1
φ
+ c0 + c1φ+ c2φ
2 + · · · . (6)
When the inflaton field is not so large, the terms with negative powers are dominant and the slow-roll parameter ǫ
decreases with time, and hence the inflation cannot naturally exist if these terms are always dominant. However, the
terms with positive powers become important when the inflaton field φ goes to the region far away from φ = 0. One
may expect that the inflation ended and our universe was re-heated around the local minimum of the potential where
c0 is set by the condition that the potential equals zero at its local minimum.
In this letter we only consider a special form of the potential in Eq. (6), namely
V (φ) = λ
[
s
φp+q∗
φq
+ (φ∗ − φ)p
]
+ Vc, (7)
where both p and q are positive, s is a positive dimensionless parameter and Vc is fixed by the condition that the
minimum of potential is equal to zero. Here we also suppose (φ∗ − φ)p = (φ − φ∗)p. The inflation model driven by
the potential in Eq. (7) is called (p,q) inflation model. For s≪ 1, the local minimum of the potential is located at
φ = φm ≃ φ∗ +
(
q
p
s
) 1
p−1
φ∗, (8)
and the potential in Eq. (7) can be roughly written by
V (φ) ≃ λ
[
s
(
φp+q∗
φq
− φp
∗
)
+ (φ∗ − φ)p
]
, (9)
up to the order of O(s1+1/(p−1)). The term with negative power is roughly the same as that with positive power when
φ = φc ≃ s1/qφ∗, (10)
and the contribution to dV (φ)/dφ from the term with negative power is comparable to that from the term with
positive power when
φ = φT ≃
(
q
p
s
) 1
q+1
φ∗. (11)
3Therefore, roughly speaking, the term (φ∗ − φ)p is dominant when φ ≫ φT and the number of e-folds from φ = φT
to the end of inflation is roughly given by NT ≃ (φ2∗ − φ2T )/(2p). If NT is much larger than the number of e-folds
corresponding to the CMB scales, e.g. NCMB ≃ 60, or equivalently φ∗ ≫
√
2pNCMB, the relevant predictions of (p,q)
inflation model are the same as those of the chaotic inflation with potential V (φ) ∼ φp. On the other hand, the term
of sφp+q∗ /φ
q becomes dominant when φ < φc and the spectral index is ns ∼ 1 + 2−q2(N−NT ) which is larger than one if
0 < q < 2. So the (p,q) inflation model can possibly achieve a scalar power spectrum which is blue tilted on the very
large scales and red tilted on the small scales.
For simplicity, we introduce a new variable which is related to φ by
ϕ ≡ φ/φ∗, (12)
and then the potential in Eq. (9) reads
Vϕ = s(ϕ
−q − 1) + (1 − ϕ)p, (13)
where
Vϕ ≡ V (φ)/λφp∗. (14)
Now the slow-roll parameters can be written by
ǫ =
1
2φ2
∗
(
V ′ϕ
Vϕ
)2
, (15)
η =
1
φ2
∗
V ′′ϕ
Vϕ
. (16)
The number of e-folds before the end of inflation is given by
N ≃ −φ2
∗
∫ 1
ϕN
Vϕ
V ′ϕ
dϕ = φ2
∗
∫ 1
ϕN
s(ϕ−q − 1) + (1− ϕ)p
sqϕ−q−1 + p(1− ϕ)p−1 dϕ. (17)
In the limit of s→ 0, the (p,q) inflation model reduces to the chaotic inflation model with potential V (φ) ∼ φp as well.
In general, we cannot get the analytical formula for the above integration. For an instance, the numerical predictions
of (2,1) inflation model will be discussed in the next section.
III. NUMERICAL PREDICTIONS OF (2,1) INFLATION MODEL
In this section let’s consider a simple example, namely (2,1) inflation model in which the potential takes the form
V (φ) = λ
[
s
(
φ3
∗
φ
− φ2
∗
)
+ (φ∗ − φ)2
]
, (18)
and then
Vϕ ≃ s(ϕ−1 − 1) + (1 − ϕ)2, (19)
where s ≪ 1. The shape of inflaton potential in (2,1) inflation model is illustrated in Fig. 1. Now the slow-roll
parameters are
ǫ ≃ 1
2φ2
∗
(
sϕ−2 + 2(1− ϕ)
s(ϕ−1 − 1) + (1− ϕ)2
)2
, (20)
η ≃ 1
φ2
∗
2 + 2sϕ−3
s(ϕ−1 − 1) + (1− ϕ)2 , (21)
ξ ≃ 1
φ4
∗
6sϕ−4(sϕ−2 + 2(1− ϕ))
[s(ϕ−1 − 1) + (1 − ϕ)2]2 , (22)
σ ≃ 1
φ6
∗
24sϕ−5[sϕ−2 + 2(1− ϕ)]2
[s(ϕ−1 − 1) + (1− ϕ)2]3 , (23)
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FIG. 1: The potential of inflaton field ϕ in the (2,1) inflation model. The grey dashed curve corresponds to the case with s = 0.
where the value of field ϕ is related to the number of e-folds before the end of inflation by
N ≃ φ2
∗
∫ 1
ϕN
s(ϕ−1 − 1) + (1− ϕ)2
sϕ−2 + 2(1− ϕ) dϕ. (24)
The amplitude of the scalar power spectrum is given by
Ps =
λφ4
∗
12π2
(s(ϕ−1 − 1) + (1− ϕ)2)3
(sϕ−2 + 2(1− ϕ))2 . (25)
In this model, there are three parameters, namely λ, s and φ∗. But there are four observables, i.e. Ps, r, ns and
αs. The more accurate formula for these four observables are given in the appendix A. For example, considering
that the tensor-to-scalar ratio and the spectral index are r = 0.22 and ns = 1.0447 respectively [11] at the pivot
scale kp = 0.002 Mpc
−1 assuming to correspond to N = 60, we get φ∗ ≃ 17.7 and s = 0.0083, and then it predicts
αs = −0.0226 which is nicely consistent with the constraint from data in Eq. (4). In order to see how the spectral
index runs with the perturbation scales, or equivalently the number of e-folds before the end of inflation, we plot the
spectral index ns as a function of N in Fig. 2. From this figure, we clearly see that the spectral index in our model
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FIG. 2: The spectral index ns varies with the number of e-folds N before the end of inflation, where φ∗ ≃ 17.7 and s = 0.0083.
can run from ns > 1 to ns < 1 in a few number of e-folds. Using the normalization Ps,obs ≃ 2.2× 10−9 [11], we find
λ ≃ 2.54× 10−11.
5More generally, we take the parameters φ∗ and s as two free parameters and figure out the predictions of (2,1)
inflation model. Considering φ∗ ∈ [15, 25] and s ∈ [10−4, 10−1], we plot the numerical predictions of (2,1) inflation
model in Fig. 3. From Fig. 3, we see that the (2,1) inflation model can easily generate a negative running of spectral
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FIG. 3: The predictions of (2,1) inflation model.
index with large absolute value.
IV. DISCUSSION
The chaotic inflation model in which the potential takes the form V (φ) ∼ φp with p > 0 predicts a red tilted scalar
power spectrum with negligible running of spectral index. In order to achieve a blue tilted scalar power spectrum on
the very large scales and a negative running of spectral index with large absolute value, we introduce an extra term
with negative power in this letter. Usually it is hard to understand the term with negative power from the viewpoint
of field theory. In order to understand such kind of term, we believe that a deeper insight on the field theory is needed.
However, the inverse power term typically exists in string theory. For example, the potential of inflaton field in brane
inflation [22] takes the form V (φ) = V0(1− µ4/φ4). The term of −1/φ4 can be easily understood from the viewpoint
of gravity in the bulk. Unfortunately, there is a minus sign for the inverse power term which is originated from the
fact that the gravity between brane and anti-brane is attractive. How to understand a positive term with negative
power is still an open question. We expect that it may shed a light on the new fundamental physics.
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Appendix A: Formula for the tensor-to-scalar ratio, spectral indexes and their runnings of both scalar and
tensor perturbations
An accurate analytic calculation of the spectrum of cosmological perturbations generated during inflation shows up
in [23, 24]. The amplitudes of scalar and tensor perturbation power spectra are given by
Ps ≃
[
1 +
25− 9c
6
ǫ− 13− 3c
6
η
]
V
24π2ǫ
, (A1)
Pt ≃
[
1− 1 + 3c
6
ǫ
]
V
3π2/2
, (A2)
where c ≃ 0.08145. Therefore the tensor-to-scalar ratio r, the spectral index of tensor perturbation nt and its running
αt, the spectral index of scalar perturbation ns and its running αs and the running of running βs ≡ d2ns/d ln k2 can
6be written by
r ≡ Pt
Ps
≃ 16ǫ
[
1− 13− 3c
6
(2ǫ− η)
]
, (A3)
nt ≡ d lnPt
d ln k
≃ −2ǫ− 2(2 + 3c)
3
ǫ2 − 1− 3c
3
ǫη, (A4)
αt ≡ dnt
d ln k
≃ −8ǫ2 + 4ǫη − 8(5 + 6c)
3
ǫ3 + 2(1 + 7c)ǫ2η + 2(1− c)ǫη2 + 1− 3c
3
ǫξ, (A5)
ns ≡ 1 + d lnPs
d ln k
≃ 1− 6ǫ+ 2η + 2(22− 9c)
3
ǫ2 − 2(7− 2c)ǫη + 2
3
η2 +
13− 3c
6
ξ, (A6)
αs ≡ dns
d ln k
≃ −24ǫ2 + 16ǫη − 2ξ + 8(41− 18c)
3
ǫ3 − 4(109− 36c)
3
ǫ2η + 4(9− 2c)ǫη2
+2(11− 3c)ǫξ − 25− 3c
6
ηξ − 13− 3c
6
σ, (A7)
βs ≡ dn
2
s
d ln k2
≃ −192ǫ3 + 192ǫ2η − 32ǫη2 − 24ǫξ + 2ηξ + 2σ
+96(13− 6c)ǫ4 − 8(791− 288c)
3
ǫ3η +
16(173− 48c)
3
ǫ2η2 − 8(31− 6c)
3
ǫη3
+
4(235− 72c)
3
ǫ2ξ − 511− 111c
3
ǫηξ +
29− 3c
6
η2ξ +
25− 3c
6
ξ2
−103− 27c
3
ǫσ +
55− 9c
6
ησ +
13− 3c
6
ϑ, (A8)
respectively, where
ǫ ≡ 1
2
(
V ′(φ)
V (φ)
)2
, (A9)
η ≡ V
′′(φ)
V (φ)
, (A10)
ξ ≡ V
′(φ)V ′′′(φ)
V 2(φ)
, (A11)
σ ≡ V
′2(φ)V ′′′′(φ)
V 3(φ)
, (A12)
ϑ ≡ V
′3(φ)V (5)(φ)
V 4(φ)
. (A13)
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